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Figure 1: Three-level system. We define |3) to be the zero-energy point and assume |2) is the ground state.

The Hamiltonian for (fig. 1) is,
H = —hwy [1X1] — hws [2)2| —d - E  where E(t) = e1e” " 4+ g9e7 1 "219) L hhoc.
and ¢ is the phase difference between the two lasers. For p;; = (i|d|j) real,

H = —hwy [1(1] = hws [2)2] — pas(11)3] + [B)L]) (e1e™™" +efe™)
— 23 (12)(3] + [3)2]) (eae™ 219 4 efelat o))

2 Moving to Rotating Frame

Now we move into the rotating frame via the unitary,

U = e ™ 1)1] + e ™" |2)(2] + |3)(3|
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(2.1)



In other words, in the rotating frame, the state, Hamiltonian, and a general operator O respectively become,

[v) = U y) (2.2)
H = UHU' +inUU"
O —Uout (2.4)

Therefore the Hamiltonian in the rotating frame becomes,

—hwy 0 pis(es + ere=2nt) hvy 0 0
H = 0 —hws pos(e?®es + e Pege 22ty [+ L 0 Ay 0
piz(e1 +e1e®t)  poz(e” ey + eiPehe?ivat) 0 0 0 0
(2.5)
—h(wy — v1) 0 ps(es + ere=2nt)
= 0 —h(wg — 19) a3 (el + e 1P gge2ir2t) (2.6)
p1a(Er + 12 pign(e ey + eitene2ivat) 0

Note that we often denote the rotating frame Hamiltonian as H, but it has been omitted here to avoid
notational clutter. We are laissez-faire about the rotating frame, because observables are not affected by
frame transformations (see below). However, keep in mind that the operators in rotating frame are not the
same operators in the lab frame. For example, &, in the rotating frame (but we drop the tilde and write as
0.) is not the same operator as o, (in the lab frame).

(D1019) = (| UT UOUTU [y} = (¢[Ofy) (2.7)
Now, define the following quantities,
detuning: A; =w; —v; and Rabi frequency: Q; = e;u3/h (2.8)
Then we can rewrite the Hamiltonian as,

H = —hAq [1)(1] — RA2 [2)(2] — R [(QF + Qe ™) [1)3] + (e 4 e "9 Qpe 221 12)(3| + he]  (2.9)

3 Rotating Wave Approximation

We use the rotating wave approximation (RWA) to eliminate the time-dependent terms in (eq. 2.9) under
appropriate conditions. Before discussing the RWA in detail, note that in the original definition of the
Hamiltonian we have assumed a classical electromagnetic field. If instead we quantized the electromagnetic
field (i.e. in the case of Jaynes-Cummings Hamiltonian), then a laser with frequency v would correspond to,

E(t) = aee” ™ 4 al e*e™ (3.1)
Therefore, the time-independent terms in the Hamiltonian (eq. 2.9) correspond to operators like,
|1)3]a’ and [3)(1|a (3.2)
which are energy conserving; while time-dependent terms correspond to operators like,
|1)3|a and |3)1]af (3.3)

which are not energy conserving. These terms in the Hamiltonian are also called the counter-rotating terms.
Processes corresponding to these terms are “virtual” — consistent with the quickly oscillating phase of
these operators (in the analogy of virtual particles, these processes must be quick to satisfy energy-time



uncertainty). We can eliminate these terms if the following the driving fields are weak: Q; < v;. To derive
this condition, let’s treat the counter-rotating terms perturbatively.

H = Hy + (hQe™ 21 [1)(3] + hdae™ 272" |2)(3] + h.c.) (3.4)
= Hy+ H'(t) (3.5)

Then the first-order correction from time-dependent perturbation theory is,

w0 (1)) = / H' (1) [9(0)) a’ (3.6)

Which results in terms with magnitude bounded by (in units of & = 1),
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Figure 2: Numerical evolution of (eq. 2.9) for Q; = 1, A; = 100, and ¢ = 0. Blue: population in |1); orange: in |2); and green
in |3). (a) with v; = 1. (b) with v; = 1000. Despite constant €2;, A;, the effective Rabi frequency increases by a factor of 2
when moving out of the RWA regime (when v; becomes similar/smaller than other timescales). This is because in the limit
v; = 0, e~2%it =1 50 Q; is effectively doubled in (eq. 2.9) whereas in the RWA treatment e~2%"i* averages to zero.

With the RWA, the Hamiltonian becomes,

H = —hAy [1)(1] — hAg [2)2] — b (9 [1(3] + Q5 [2)(3] + h.c.) (3.8)

4 Adiabatic Elimination

For notational convenience, let A = Ay and define the two-photon detuning § = Ay — As. Then we can
represent (eq. 3.8) as,

A0 o 50 oh
H=-n|o0 Ay Q3| =—h| 0 0 e (4.1)
04 €_i¢92 0 04 €_i¢Q2 —A



With |¢) = ¢1(t) |1) 4 ca(t) |2) + ¢3(t) |3), we can write the Schroedinger equation as,
él (t) =10 C1 (t) + ZQT C3 (t)
éz (t) = ier; C3 (t)
ég(t) = in C1 (t) + Z'e_id)QQ Co (t) —iA C3 (t)

We often want to consider the case where A is far detuned (and the two-photon detuning is small). In this
case, notice that ¢A c3(t) is much larger than the remaining terms in the differential equations for ¢;(t). Let’s

examine (eq. 4.4) in greater detail. First rearrange then multiply both sides of the equation by e?At,
eiAt (ZQl C1 (t) + i€7i¢92 Co (t)) = eiAt(C.g (t) + 1A Cg(t)) (45)
d
=4 (e At cs(t)) (4.6)
t . ’ . .
/ e i c1 (t) +ie P co(t)] At = " e5(t) — ¢5(0) (4.7)
0
With ¢3(0) =0,
t
c3(t) = e*mt/ P [iQ1 e1(t') +ie™ " Qy ea(t)] At/ (4.8)
0

The term in the integral is rapidly oscillating which averages to zero after a cycle of oscillation. Only during
the small duration ~ 1/A near the upper integrand ¢' = t do the terms in the integral not cancel. But again,
since < A, this contribution is effectively constant'. Therefore, c3(t) is effectively constant and the result
of the adiabatic elimination is that ¢s(t) = 0. Which implies that cs(¢) directly follows the population in
c1(t) and eo(t).

0 =140 c1(t) +ie ™" "Qy ca(t) — iA c3(t) (4.9)
cs (t) _ Q1 (t) + Z_Z¢Q2 Co (t) (410)

Plugging in this approximation for ¢3(¢),

2 e Q*
ét) =i <5+ |QA1| ) cit) +i (2192> co(t) (4.11)

e’ 1925 . 22
éa(t) —z’(zQ) cr(t) +i ('QA ) eo(t) (4.12)

This corresponds to the effective two-level Hamiltonian in the {|1),|2)} basis,

—P0rQ
5+ |QA1|2 e L 2
H=h ( ¢90, 03 a2 (4.13)
A A
Taking €2 and 29 to be real,
2 02
H=nh <5 + QlAQ?> o, + thZ [cos(¢) o5 + sin(¢) o] (4.14)

1TODO: better explanation.
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